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Abstract. We consider some random iterated function systems on the 
interval and show that the invariant measure has density in C°°. To 
prove this we use some techniques for contractions in cone metrics, ap- 
plied to the transfer operator. 



1. Introduction 

Let {/i, . . . , fn} be an iterated function system on an interval I, and as- 
sume that at each iterate we choose a map according to the probabihty vector 
{pi,P2, ■ ■ ■ ,Pn)- We restrict to the case when all the maps are contracting. 
By [3] there is then a unique invariant probability measure. In the case when 
the images fi{I) have non empty intersection, it is often hard to determine 
the nature of the invariant measure. 

For example, the invariant measure of the random iterated function system 
/i}, with fiix) = Xx + i{l- X), I = [-1, 1] and A E (1/2, 1) is known 
to have an invariant measure that is absolutely continuous with respect to 
Lebesgue measure for almost all A S (1/2, 1), see |7]. The method used to 
prove this and similar results for almost all parameters is usually referred to 
as "transversality". Only for a few specific values of A is it known whether 
the invariant measure is absolutely continuous och singular with respect to 
Lebesgue measure, see for instance [1] and [5]. 

One way to get results for a specific parameter is to change the problem 
and instead consider the iterated function system with some random pertur- 
bation, see for instance |£j and pQ. It is then possible to apply the method of 
transversality to prove that the invariant measure is absolutely continuous 
with respect to Lebesgue measure, provided that some conditions are satis- 
fied. In fact more is proved. The conditional measures conditioned on the 
random perturbations have density in L2, |B]. 

It is sometimes claimed that transversality is essentially the only known 
method to obtain the results described above, [6]. In this paper we use an 
other method, originating from [9], to show that a random iterated function 
system, consisting of affine maps with some small random perturbation, has 
an invariant measure which is absolutely continuous with respect to Lebesgue 
measure, and that the density is infinitely many times differentiable. Hence, 
this paper has two purposes — to strengthen previous results and to intro- 
duce a new method for iterated function systems with overlaps. 
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2. A RANDOM ITERATED FUNCTION SYSTEM 

Let I = [-1,1]. Take e > small (we will later let e > 0). For k = 
1, 2, . . . , n, we define functions 



where A, and bk are numbers such that |A| < 1, ^ and fk,t{I) C / 
for all < t < e. 

Let {pi,P2, ■ ■ ■ ,Pn) be a probability vector. We consider the random iter- 
ated function system consisting of the maps fk^t applied at each iterate with 
probability pk and t distributed according to a smooth function /i, indepen- 
dently of previous iterates. We thus assume that his a non negative on [0, e], 
and that h{x) dx = 1. If e = 0, this should be interpreted in the natural 
way. 

By [3] there is a unique invariant measure /i of this iterated function 
system. We are interested in the properties of this measure. Let C°°(/) 
denote the set of functions on /, differentiable infinitely many times. The 
following theorem will be proved. 

Theorem 1. Let /i he the invariant measure of the random iterated function 
system • • • , /n,t} defined above, with corresponding probabilities < 

Pfc < 1. Then /i has density cp in C°°(/), and 



To prove this Theorem we will use of the method of contractions in cone 
metrics introduced by Liverani in [H]. This method was further developed for 
different hyperbolic dynamical systems by Viana in [S]. The method of this 
paper is very much inspired by [^. However some differences are present, 
since we allow the images of the different function to overlap. We use this 
method to construct the invariant measure as a fixed point of the transfer 
operator. This first part is valid for e > 0. After this we assume that e > 
and prove that the density of the invariant measure is smooth. 

In [1], the author and B. Barany studied certain iterated function systems 
of similar type as in this paper, with h{t) = 1/e. It was proved that the 
L2-norm of the density does not grow faster than l/\/e as e vanishes. For 
this case, the estimate in Theorem [1] provides us with sup(/> < c/e, where c 
is some constant. This together with jj (l){x) dx = 1 imply that the L2-norm 
does not grow faster than l/\/e, just as in [T]. 



For e > 0, we define the transfer operator associated to the random 
iterated function system defined by 



fk,t : X Xx + Ok + bkt, 




3. A TRANSFER OPERATOR 




n 



(1) 



where 4> o f^ t^iy)Xfi t(/)(y) is defined to be zero if y fi,t{I)- For e = the 
operator Cq is defined similarly, but without the integral over t. 
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We also introduce the operator Ue for e > 0, defined by 

" j-e 

Ueipix) = y^Pi fi4x)hit) dt. 

i=l 

Similarly as above, we can also define the operator Uq. For the proof of 
Theorem [T] we will not use the operators Co and Uq. However, most of what 
is done with the operators and 14^ is also valid for Cq and Uq. 

The operators Ce and Ue are related according to the following lemma. 
We introduce the symbol m to denote the normalised Lebesgue measure on 
the interval /. 

Lemma 1. If (j) and ip are continuous functions on I, then 

ij) ■ Ce4>dm = I Ueip ■ 4) dm. 



Lemma [T] shows that Cs is related to invariant densities of the iterated 
function system in the following way. Suppose that we can define a measure 
as the weak limit of measures Hn defined by 

J^^pd|J.n = J^ip ■ £"ldm. 

Then fi{I) = 1 and /u is invariant since 

H{I)= lim / l-£"ldm= lim [undm = l, 

n— >oo J J n^oo Jj 

and for any measurable E C I 
lj{E) = lim / XECldm= lim / UeXEC'e'^ldm 

n— +00 J J n— >oo Jj 

= lim / / 
J I ~[ Jo 



" re 

= Y.pi / i^ui:t\E))h{t)dt. 

Proof of Lemma d The lemma is a simple consequence of the formula for 
change of variable and Fubini's theorem. Indeed, 

J^ij ■ Cs4>dm = J^i;iy)J2^ <P° (yMt) dtdy = 

E / yV'Wo/M (y)x/.,(7)(y)/i(i)dydt = 
I ^2 J P^'^ ° dxdt = J Uei) ■ (pdm. 



□ 
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4. Cones and the Hilbert metric 

For the theory in this section we refer to [2], [8] and 
Let E he & vector space. (We will later let E be function spaces on /.) A 
convex cone C C is a set such that 

vi,V2 ^ C and ti,t2>0 =^ tiVi +t2V2 G C. 

Assume that {-C) nC = {0}. Define 

a{vi,V2) = sup{ t > : V2 — tvi G C}, 
P{vi,V2) = inf{ s > : svi — ^2 G C }. 

Let 

0c{vi,V2) =log— ^ r. 

Then Oq is a metric on the quotient C/ ~, where ~ is the equivalent relation 
vi ~ V2 if and only if there exists a t > such that vi = tv2. The metric 6c 
is called the projective metric or the Hilbert metric of the cone C . 
We have the following remarkable theorem by G. Birkhoff. 

Theorem 2. Let C he a linear operator and Ci and C2 two convex cones 
with (-Ci) n Ci = {0} and (-C2) n C2 = {0}, such that C{Ci) C C2. // 
D = sup{ ^c2(/^(fi), >C(w2)) : vi,V2 G Ci } is finite then 

ecMvi),C{v2))<Un\i(^^ycAvi,V2) 
for all vi,V2 € Ci . 

For a proof of this theorem, see [2], [8] and/or [9]. 

We note that C/ ~ endowed with the projective metric need not be a com- 
plete space, so the limit limn^oo^"'^^ may not exist, although the sequence 
(/:"u)^=o is Cauchy by Theorem [2 



5. The operators Ce and Ue 

We let C"^(I) be the set of n times continuously differentiable functions on 
/, and Cq{I) be the set of functions in C"(/) such that the derivative of order 
k vanishes at the endpoints of I for < A; < n. One observes immediately 
that for e > 

£,:r-n/)^Co"(/), neN, 

and 

Moreover, if (/> G Cg(/) and iJj ^ C^{I) then 

= jCe(p'iy) and -^Ueipix) = >Ueilj'{x). 

These properties will be used to prove that the invariant measure has 
density in C°° . Before we do this we must first prove that the measures jin 
defined above, converges weakly to some measure ^. 
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6. Cones 

We will introduce a cone of densities on which £e operates, and construct 
the measure ^ mentioned above as a weak limit of £" operating on these den- 
sities. This constructions follows very closely to the construction in chapter 4 
of [8]. We do however include all proofs for completeness. There are some 
differences, in particular in the proof of Lemma [H, due to the overlapping 
images. 

This first part of the construction is valid also for e = 0. After constructing 
as a weak limit, we restrict to the case of positive e and show that fi is 
absolutely continuous with respect to Lebesgue measure, with density in C°°. 
We introduce the cone 

'D{a, 7) = { /5 € C{I) : p > and log p is (a, 7)-H61der }. 

That a function (p is (a, 7)-H61der, means that \(p{x) — (p{y)\ < a\x — yl"^ , for 
all X and y. 

Let us find the cone metric of 2?(a,7). Let pi,pi G P(a,7) and t> 0. By 

P2 

P2-tpi>0 <^ t<—, 

Pi 

ip2-tpi)ix) ^^,|._,|. ^ ^ ^ e-\--y\'' p2iy) - P2{x) 
{p2 - tpi){y) - - e«l^-2'l>i(y) - piix) 

and 

(P2 - tpi){y) - - e«l^-2^l>i(x) - pi{y) ' 

we get that 

av[pi,p2) = mf<^ ^T'^^r^^^^^ 

Similarly we get that 

Hence 



sup 

6v{pi,P2) = log — 
inf 

X 



pi (a;)' e<'l^-!'l^pi(y)-pi(x) 

17 



j._^y|pi(x)' e'^\^-y\'''pi{y)-pi{x) 

is the projective metric on P(a,7). 

Lemma 2. There exists a number Aq < 1 such that 
i) Ue-. P(a7) ^P(A^a,7), 

a) if pi,p2 e I'(a,7) then ev{UePiMeP2) < Ao6'o(pi, ^2)- 

Proof, i) We show that if p G P(a,7), then p o f^ £ 'D{X^a,^). Since 
P(A'''a,7) is a cone, this implies that U^p S P(A'''a,7). Clearly, 

I logpi(/i(x)) - log pi{fi{y))\ < a\fi{x) - fi{y)\^ = X^a\x - y\^ . 

It is also clear that po f^ > 0. This proves that po fj_ £ V{X^a, 7). 
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ii) By Theorem[2]it is sufficient to show that P(Aa, 7) has finite diameter 
in P(a,7), in order to conclude statement ii). Let pi,p2 £ ^(Aa,7). Then 

e«l^-J/rp2(y) -/02(x) ^ P2{y) e^l^-S'l'' - e^-^l^-^i" 



^ P2iy) 1 - A 
Pi (2/) ">i ^ - 2;"^ Pi (y) 1 + A ■ 



>^inf 



Similarly we get 



This implies that 



e°l"-^l>2(j/) - P2{x) ^ P2{y) 1 + A 
e-'l^-yl^ pi{y) - pi{x) - pi{y) 1 - A' 



ev {pi,P2)<2 log + log sup ^ 



< 2 log 



1-A 
1 + A 



log inf 



G/ pi{x) 



+ 2Aa|/p = 2 log + 



1-A ' ' ° 1-A 

By Theorem [2] we can take Aq = tanh(i log + l^f-^Xa) 



□ 



We will now use the cone V{a,^) to define a cone <5(a,6, 7) on which we 
will let Ce operate. Let 



£:(a,6,7) = { 



IS 



bounded : j (f)pdm > for all p € P(a, 7), 

Jj <j)p2 dm 



and 



log 



dm 



log 



< be{pi,p2) 



fjPidm fjP2dm 

Note that cj) S £{a,b,'y) does not need to be positive. The set £{a,b,^) is a 
convex cone according to the following lemma. 



Lemma 3. <S(a, 5, 7) is a convex cone and {—£{a,b,'y)) D £{a,b,'j) = {0} . 

Proof. If a, (3 are positive real numbers, (pi,(p2 G £{o;b,^), and p G P(a,7) 
then 

J {a(j)i + (3(j)2)p<im = a J 0i/>dm + /3 y (j)2pdm>0. 
Assume that A, ai,a2,bi, &2 are positive numbers such that 

i = 1,2. 



bi 



Assume that 0162 > 02^1 then 

ai + 02 61 _ aibi + 0261 
61 + 62 «i fli^i + 



< 1 ^ ^1±^ < ^ < e^, 
61 + 62 5i 



and 



ai + a2 62 ai^2 + 02^2 



> 1 ^ ^1±^ > ^ > e-^. 

61 + 62 &2 



61 + 62 02 02^1 + ^2^2 

This shows that { (a, 6) : |loga — log6| < yl} is a convex cone. Hence, if 
4>iA2 e £"(0,6,7), and pi,p2 G P(a,7)(a,7) then 



r.(a0i + /3(?;)2)pi dm /.(a0i + /3(?:)2)p2 dm 

log -! 1^ log - 



// Pi dm 



// P2 dm 



< bev{pi,P2)- 
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This shows that <?(a, 6, 7) is a convex cone. 

To show that (—£^(0,6,7)) fl £{a,b,'y) = {0}, we will prove that if a 
bounded (f) is such that 0/9 dm = for all p G ^{a, 7), then = 0. 

Let tp be 7-H61der on /. Then 

V' = + - {tp- + B), 

where S is a number, and ip^ and tp~ are non negative functions such that 
ijj = ip+ — ip~ . If S is sufficiently large, then ip'^ + B and ip~ + B are both 
in P(a, 7). Hence J j (pip dm = for all 7-H61der ip. Since C(/) is dense 
in Li{I), and is contained in the set of 7-H61der functions on /, we 
conclude that fj(pipdm = for all bounded ip. Taking ip = (p we conclude 
that = a.e. □ 



We will find a formula for the Hilbert metric of the cone £{a,b,'y). Recall 
that 

"(01, 02) = sup{ t > : 02 - t0i G £{a, b, 7) }, 
/3(0i,02) = inf{s > : S01 - 02 G £{a,b,'y) }. 

Assume that Jj pi dm = Jj p2 dm = 1. By 

02pdm 



/ (02 - t(pi)pdm > <^ t<ri , 
J I ji<Pipdm 



and 



Jj{(p2-t(pi)pi dm ^ ^be{pi,p2) ^ ^ < |f02P2dme /j<^2P2dm 

/j(02 - t(pi)p2 dm- - Jj 01/92 dm fM{pi,P2) _ /f "^i^i '^"^ 

/f </'iP2 dm 

jj{(p2-t(pi)pi dm ^ ^-w{pi,p2) ^ ^ < jj4>2pidm'_ Sj<f>2Pi dm 

Jj{(p2 - t(pi)p2 dm- - Jj (pipi dm ^be{pi,p2) _ A "^^^^ dm 

fj (pi pi dm 



r J. J r J, J J>e{puP2) _ f 'P^p^ dm 
Jj 02Pi dm Jj 02/92 dm ^ ^2^2 dm 

/j 0ipi dm' 01/92 dm ^be{pi,p2) _ /f '^"^ ' 

/f </'iP2 dm 



we get that 
"f (01,02) = inf<^ 



r J. J p-v/!'l,P2) _ dm . 

J J 02/>l QWt /f fepi dm I 

01P1 dm efe0(pi,p2) _ fi^ip^dm j ' 

Jj 0ipi dm ' 

where the infimum is over all pi and p2 with jj pi dm = fj p2 dm = 1 . 
Similarly we get 

f, ■. fr'Pipdm 

/ (s02 - 0i)pdm > <^ s > 4^ r- 

Ji Jihpdm 
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and 

Jj{s(j)2 - (pi)pi dm 
Jj{s(j)2 - (I)i)p2 dm 

/j(s02 - (t)i)pi dm 
//(s</'2 - (t>i)P2 dm 

Hence 
/3£-(</'i,02) = sup< 



> e 



-bd{pi,p2) 



4^ S> 



<^ S> 



Jl 4>iP2 dm 



gfe6»(pi,p2) 



J 4>ip\ dm 
fj <f>iP2 dm 



jl 02/02 dm ^b8{pi,p2) _ /i fePi dm 
/f </'2P2 dm 



0ipi dm 



gfe6»(pi,p2) 



/ </'iP2 dm 
fj 01 pi dm 



/^(/)2/>l dm gfee(pi,p2) 



Jj 02P2 dm 
/f 02 Pi dm 



Jjcpipidm Jj(l)ip2dm 



„be{pi,p2) 



f 01 Pi dm 
Jj 01 P2 dm 



fj cl)2Pi dm' cl)2P2 dm ^be{pi,p2) _ // '^^^i "^"^ 

Jj 02 P2 dm 



JjfpiPi dm 



gfe6l(pi,p2) 



/ 0iP2 dm 
J J 01 pi dm 



dm gfee(pi,p2) _ /r '^2^2 dm 
02 Pi dm 



where the supremum is over all pi and /32 with Jj pi dm = p2 dm = 1. We 
now get Os as = log^, but let us not write down the exact formula, as 
it would consume quite some space. 

We will prove the following lemma in a similar way as we did for Lemma [2l 
While doing this, we will make use of Lemma [2l 

Lemma 4. The diameter of Ce{£{a^ b, 7)) is finite in £{a, b, 7), provided that 
b> (1- tanh(i log + 2T-Uc 

Proof. Let pi,p2 G ^(q^jT) and (p G £{o;b,^). Then 

\'jPiCe(t)dm jjP2Ce4>dm 
log-S 1 log 



// Pi dm 



fl P2 dm 



< 



log 
log 



JjUePicjydm j^UeP2(t>dm 

! I Pi dm 
JjUePi(l)dm 



log 



fjUePi dm 



jjUePi(t)dm 
JjUePi dm 



log 
log 
+ 

log 



fj p2 dm 
JjUeP2(l)dm 



fj UeP2 dm 

LUePidm 
J/ Pi dm 

JjUeP2'Ce(l)dm 



log 



J J UeP2 dm 



fj UeP2 dm 



+ 



log 



J J p2 dm 

jjUepx dm 
JjUsp2 dm 



Jj pi dm 
Jl P2 dm 



We now observe that 



> 



tp2{x) 



> inf^ 

W2 



sup 



U2 



^ -i/^i dm ^ , ^ 
~ Jjip2dm ~ 



-02 



holds for all positive functions -01 and '02- This implies that 



inf 



inf 



UeP2 



} 



sup{^} sup{£^} 



Wepi dm 
^ fjUeP2<im ^ 

— Jj^ Pi dm — 
P2 dm 
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It follows that 



log 



fj UeP\ dm 
JjUsP2 dm 



J J pi dm 
I J P2 dm 



< 6viPl,P2)- 



Using this, we now get that 



LpiCe4>dm fjP2Ce(l)dm 
log-S : log 



// Pi dm 



// P2 dm 



< b6v(JAePlMeP2) + 0v{Pl,P2) 

< ibXo + l)0vipi,P2), 



where we used Lemma El in the last step. Hence if fj pi dm = Jj p2 dm = 1, 
then 



(2) 



-(6Ao+l)6ii,(pi,p2) < 



jjPiCe(t)dm 
JjP2Ce(j)dm 



< g(f'>'0 + l)f-D(Pl,P2) 



We now consider some of the expressions that occur in the expressions for 
as and (3s. Let us now choose b so large that b > bXo + 1. Prom ([2]) we get 



and 



g6ex>(pi,P2) 


IlPl^e 
fl P2^e 


pi dm 
pi dm 


gfeex,(pi,P2) 


// P2-Ce 


p2 dm 
p2 dm 


g66»D(pi,P2) 


f I Pi ^6 (I 
Jl P2Ce<l 


il dm 
ii dm 


gfe6»i,(pi,p2) 


//Pl^e? 

Ji PiC^q 


!>2 dm 
!>2 dm 



> 



obd'D{pi,p2) 



-{h\o + l)e-D{pi,p2) 



< 



Similarly as in the proof of Lemma [2l we then get that 



1-6A 







l+bAo 



ofeei,(pi,p2) _ IiPi^e'Pi dm 
fj p2Ce<pi dm 

6 + 1 + 6Ao ~ 1 + ~ e^^T^^P^^P^) - //Pi ^^'^2 '^'^ 

J J p2Ce(p2 dm 



< 



< 



1 + 



l+b\o 



b + l + bX 







1+bAo 



b-l-bX 







This shows that 



fr A r A .f fpCehdm 

+ 1 + oAo peO(a,7) J /o££(pi dm 



and 



We therefore have 



^ 6 + 1 + 6Ao / pCe(f)2 dm 

- b-l-bXo pev^a) I P^<^^^ ^'^ ' 



e(pi,Ce4'2 



< log 



6 + l + 6Ao\2 



pi,P2ei'(a,7) / Pi^e4'i dm f p2Ce(t>2 dm 
It remains to estimate this supremum and show that it is finite. 



/ piCe4)2 dm f p2Ce(pi dm 
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Observe first that 1 is an element in 'D(a, 7) with Jj 1 dm = 1. An estimate 
of the diameter of Ue{'D{a,^)) is given in the proof of Lemma [2l Let D be 
that number. If fj pdm = 1, then 



^ pCecf) dm = j Uepcp dm < e^^^^^'^-^P^ jl(t>dm< 
j^pCe^dm = jUeP<l)dm>e-^'^^^^'^^P^ jl(l)dm>e-^^ 



(j)dm 



and 

(j)dm. 

Jl Jl Jl 

This imphes that 

~ fjP2Ce(l)dm ~ 

and so 

/ piCe(t)2 dm J p2Ce4>i dm ^ ^4^^ 

pi,P2&V{an) I Pl^e4>l dm / P2Ce(p2 dm ~ 

Finally, we get that 



b + l + b\o 



.b-l-bXo. 

«M 1 + ^^93+7. /.^oi ^ fc+l + fetanh(llogi±A + 2^-iAa) ^ 

= 86 log + T^^Xab + 2 log — r — - , 

1-A ^V6-l-6tanh(ilogi±f + 2T-iAa)y 

where we used that D = 21ogi^ + 2i+'^Aa and Aq = tanh(ilogi^ + 

2'''~^Aa) . The condition b > 6A0 + I is equivalent to 6 > ( 1— tanh(^ log + 



2^-1 Aa)] \ □ 



Lemma [H together with Theorem O shows that is a contraction in the 
cone metric. We get the following corollary. 

Corollary 1. There is a number Ai < 1 such that 0£'(££(0i), £e(02)) < 
Ai^£;((/>i, (/>2) holds for all (pi, 02 £ £{0-, b,^). 

7. Invariant measure 

We will use Corollary [T] to construct the invariant measure of the iterated 
function system. To do this we will need the following Lemma. 

Lemma 5. // ((/>n)neN is a Cauchy sequence in the projective metric 9^ of 
S{a,b,^), such that JjCpndm = 1, and -0 is any continuous function on I, 
then the sequence [fj'tpcpndm)^^^^ is Cauchy. 

Proof. Let first ■0 be a function in 'D{a,^). Then 

Jj ip(j)m dm 



J il)4>m dm — j 'ip(f)n dm 


< sup ip 







fj tpcpn dm 



< sup0|e^^^(*'"'<^") - l|. 



As Oei't'm, 4>n) when m,n ^ 00, this shows that Jj ipcpn dm is Cauchy. 

Now, let ip be 7-H61der. Then the function V + c is in P(a,7) if c is 
sufficiently large. By what we just proved, it follows that fj{il> + cjcpndm is 
Cauchy. Since Jj ccpn dm = c for all n, it follows that Jj ipcpn dm is Cauchy. 
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Let e > 0. For any continuous function tp, we may take a 7-H61der 
continuous function ■00 such that sup \ ^ — ipo\ < e. Then 



J '4}4)m dm - j ipcpn dm < j 



+ 2e < 3e 



if n and m are sufficiently large. Hence Jj il)(t>n dm is Cauchy. 



□ 



We now let = £"1. This is a Cauchy sequence in the metric 9s accord- 
ing to Corollary [H 
Moreover 



j^(f>idm = j^l- C^ldm = jUel • 1 dm = ^ 



1 dm = 1. 



Hence fJ-nii^) = Jjip'Pndm defines a probability measure. We let n be the 
weak limit of /Li^ as n — > oo. This limit exists by Lemma El 



8. Smooth density 

We are now ready to prove that the measure /i is absolutely continuous 
with respect to Lebesgue measure, with density in C°°. So far, our results 
are valid for e > 0. We now assume that e > 0. 

If V' if a differentiable function then 

Note that the corresponding formula for -^Csipix) is more involved because 
of the presens of Xfi t{i) ©■ However if i/j ^ Cq{I), then we have 

We then get that 

= ±Juii;. {Cr'4>)^'^ dm = jiUi^l^)^'^^ ■ Lr'4>dm, 

holds for any (/>, '0 and fc, I such that the derivatives exist. 
Let t € I and ■0t = X[-i,t]- Then 

(3) 4>^-^\t) - ,^('=-^)(0) = 4>^-^\t) = £^ dm 

= l^i^f (/:^)(^^ dm = y^(z^iV't)^^^ • /:r'i dm. 

If we let Z = A: + 2, then {U^'ilJt)^''^ is defined, and the rightmost integral in ([3]) 
converges by Lemma [H This shows that the density of fi is in C°°. Moreover 
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we get 



^ sup|(Z^,^+>,)W| sup|(W^Vt)('=)| 



Xk{k+2) £ XHk+2) 

Let us estimate sup KW^'^^Vt)^*^^!- We first observe that if tp is continuous 
then 

n 



1=1 



This imphes that 



sup 



f-WeV'(^) < 5^ sup IV'K/iCe) + /i(0) + £ sup 
Writing {U^+'^il^t)^^'^ as 

we can conclude that 

k 

) 



sup \U^^^^tf'\ < A 2 / J2 ^ih{£) + h{0) + £sup \h'\) 1 sup 

Y^Pi-{h{e)+h{0)+esup\h'\)j . 



This yields 



(n \ k 

^|(/l(£)+/l(0)+£SUp|/i'|)j . 

If we let (f) denote the density of the measure ji, then 

\ k+1 

J2^ih{e)+h{0) + esup\h'\)] . 

i=l * 
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